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Abstract 

Generalizations of the Weierstrass formulae to generic surface im- 
mersed into R , S 4 and into multidimensional Riemann spaces are 
proposed. Integrable deformations of surfaces in these spaces via the 
modified Veselov-Novikov equation are discussed. 

1 Introduction 

Theory of immersion and deformations of surfaces has been important part 
of the classical differential geometry (see e.g. Various methods to de- 

scribe immersions and different types of deformations have been considered. 
New results in this field have been discussed, for instance, in 

Surfaces and their dynamics are key ingredients in a number of phenom- 
ena in physics too (see e.g. ||-||)- They are, for instance, surface waves, 
propagation of flame fronts, growth of crystals, deformation of membranes, 
dynamics of vortex sheets, many problems of hydrodynamics connected with 
motion of boundaries between region of differing densities and viscosities. 
Number of papers has been devoted to a study and application of the in- 
tegrals over surfaces in gauge field theories, string theory, quantum gravity 
and statistical physics H|-[H]). 
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Direct approaches to describe surfaces always have been of great inter- 
est. The classical Weierstrass formulae for minimal surfaces immersed in the 
three-dimensional Euclidean space R 3 is the best known example of such an 



approach. Only recently P- ||10|| -|Tl| the Weierstrass formulae have been gen- 
eralized to the case of generic surfaces in R 3 . During the last two years the 
generalized Weierstrass formulae have been used intensively to study both 
global properties of surfaces in R 3 and their integrable deformations. 

In this paper we present the generalizations of the Weierstrass repre- 
sentation for surfaces immersed into the multi-dimensional Euclidean and 
Riemann spaces. The cases of the four-dimensional Euclidean space R 4 and 
space S 4 of constant curvature are considered in detail. The comparison of 
our Weierstrass formulae for surfaces in R 4 and those of conformal immersion 
in R 4 is given. The properties of the Willmore functional for the immersion 
in R 4 and S 4 are studied. The Weierstrass representations for immersion 
into pseudo-euclidean spaces with signatures (+, +, +, — ) and (+,+,—,—) 
are presented. Surfaces on Lie groups are discussed too. 

Integrable deformations of surfaces via the modified Veselov-Novikov equa- 
tion are considered. It is shown that the Willmore functional (or Helfrich- 
Polyakov action) is invariant under such deformations. 

The paper is organized as follows. In section 2 a brief review of the old and 
generalized Weierstrass formulae for surfaces in R 3 is given. The Weierstrass 
representation for generic surfaces immersed into R 4 is derived in section 3. 
An extension to four-dimensional Riemann spaces, in particular to S 4 and the 
Minkowski space, is presented in section 4. The Weierstrass representations 
for surfaces in multidimensional spaces are discussed in section 5. Integrable 
deformations are considered in section 6. 



2 The old and generalized Weierstrass formu- 
lae for surfaces in R 3 

Here for the sake of convenience we will briefly remind the old Weierstrass 
representation for minimal surfaces in R 3 and will review recent results con- 
cerned its generalization to generic surfaces in R 3 . 

An original Weierstrass formulae (see e.g. [Q-Q) starts with two arbitrary 
holomorphic functions <p(z) and x{ z ) °f the complex variables z,z G C. Then 
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one introduces the three quantities X l (z, z) (2 = 1,2, 3) as follows: 

X 1 = Re % j (ip 2 + x 2 ) dz' , 
X 2 = Re [jf (cp 2 - x 2 ) dz'] , 
X 3 = 



-Re 



ipxdz' 



(2.1) 



Finally one treats X l (z,z) (i = 1,2,3) as the coordinates of a surface in 
R 3 : this surface is a minimal one (i.e. has zero mean curvature) and the 
parametric lines z = const, and z = const are the minimal lines. The 
Weierstrass formulae have been the most powerful tool in study of minimal 
surfaces. 

An analog of the Weierstrass formulae for surfaces of prescribed (non 
zero) mean curvature have been proposed by Kenmotsu in 1979 ||. The 
Kenmotsu representation is given by 



X 1 



Re 



rj(j) l dz' 



(2.2) 



where = [1 — f 2 , i(l + f 2 ),2f] and the functions / and n obey the following 
compatibility condition 



(log 77)3 



(2.3) 



Here and below the bar denotes the complex conjugation. Then the mean 
curvature if is _ 

JJ ^/ Z Icy ^\ 

^(l + l/l 2 ) 2 ' 

It was proved in || that any surface in R? can be represented in such a form. 
This representation of surfaces deals basically with the Gauss map for generic 
surface in R 3 (see also fr2"f-fl3[l). 

Another generalization of the Weierstrass formulae to generic surfaces in 



R 3 have been proposed independently by one of the authors in 1993 (see JTOf 
and PI). It starts with the linear system (two-dimensional Dirac equation) 



—pt/j 



(2.5) 
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where ip and tp are complex- valued functions of z,z G C and p{z,z) is a real- 
valued function. Then one defines the three real- valued functions X l (z,z), 
X 2 (z,z) and X 3 (z,z) by the formulae pl-jrO 



X 1 + iX 2 



X 1 - 1X 2 



{^\? dz' — ip 2 dz' 



i J (p 2 dz ! — ip 2 dz'^ , 



X s 



(2.6) 



where V is an arbitrary curve in C. In virtue of ( |2.5|) the r.h.s. in ( [2.6|) do 
not depend on the choice of Y. If one now treats X l (z, z) as the coordinates 
in R 3 then the formulae (|2.5|) , ( |2.6| ) define a conformal immersion of surface 
into R 3 with the induced metric of the form 



ds 2 = u 2 dzdz , u = \ip\ 2 + \ip\ 2 
with the Gauss curvature 



(2.7) 



K = [logu] 



and the mean curvature 



H 



>P 



u 



(2.8) 



(2.9) 



At p = one gets minimal surfaces and the formulae ( j2.6| ) are reduced to 
the old Weierstrass formulae ( |2.1|) under the identification ip = tp, \ = ip- 



It turned out that the Kenmotsu formulae ((2.2|) , ( |2.3| ) and the generalized 
Weierstrass formulae ( p.5|) , (|2.6|) are equivalent to each other. The relation 
between the functions (/, 77) and (ip, ip) is the following [13] 



f > 



and 



P 



7] = ip 



Vfz 



(2.10) 



(2.11) 



So, all results proved for the Kenmotsu formulae 
map [13] in R 3 are valid also for the generalized Weierstrass formulae ( p.6|) . In 



and associated Gauss 
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particular, it implies immediately that any surface in R 3 can be represented 
via Q, (P). 

Though the representations (|2.2|) -( P^) and (|2.5|), ( |2.6D are equivalent, the 
latter provides us certain advantages. They are mainly due to the fact that 
in the generalized Weierstrass formulae the functions if) and ip obey linear 
equations (|2.5|) while for the Kenmotsu formulae the nonlinear constraint 



(|2.3|) is hard to treat. This circumstance had allowed to simplify essentially 
an analysis that had lead to several interesting results both of local and global 
character |l4j]-[21]. It occurred, in particular, that the Willmore functional 



(see e.g. @) or the Helfrich-Polyakov action (see W = J H 2 [dS] has 

a very simple form: W = 4J p 2 dx dy (z = x + iy) |T^]-[|l5|1. 



One of the advantages of the generalized Weierstrass formulae fl2.5|) , ([27 
is that they allow to construct a new class of deformations of surfaces via the 
modified Veselov-Novikov equation JTD|-[TT|. The characteristic feature of 



these integrable deformations is that the Willmore functional remains invari- 
ant [T3]-[|r^]. Thus, the generalized Weierstrass representation ( |2.ti| ) has been 



proved to be an effective tool to study surfaces in R? and their integrable 
deformations. 

We would like to emphasize that the idea to generate surfaces via solu- 
tions of linear equations is, in fact, the old idea of the classical differential 
geometry (see discussion in [|TTJ). In H one can find the two representations 
of these type in addition to the Weierstrass formulae. The first is given by 
the Lelieuvre's formula which is well known in affine geometry (see e.g. ||23|| ). 
Another example (@, p. 82) is provided by the equation 

% ?? -(logA) r) %-A^ = (2.12) 

where £, rj are real variables and A is a real-valued function. It is stated in 
H that two solutions of (|2.12j ) define, via certain integral formulae, a surface 



in R 3 parameterized by minimal lines, but no calculation of the metric and 
curvature is given. This example, seems, was forgotten completely until 
it had been found during the preparation of the second paper O] on the 



generalized Weierstrass formulae. The representation (|2.12|) is rather close 
to that of Q2.5p, (|2.(j|). Indeed, equation ( |2.12j ) can be rewritten as the system 



v „ = xe < 2 ' 13 > 
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where tp is a new function. If one takes two solutions (9, tp) and (9, (p) of the 
system ( p. 13 ) then the formulae given in || (p. 82) take the form 



X 1 + iX 2 = J (9 2 dr] + tp 2 d£) , 
X 1 - iX 2 = J (9 2 d V + fdi) , 
(96drj + ipfidt) . 



(2.14) 



(PD, the formulae (E 



X 



However, in contrast to the representation 
( |2.14| ) do not define a real surface in R 3 . 

We would like to note that some results in 
the generalized Weierstrass representation ( |2.6| ). 
(|2.5|) for constant mean curvature surfaces has been discussed, 
system (|2.5|) had appeared within the quaternionic description of surfaces 



and [25| were close to 



In 



24| a formula similar to 
In Poll the 



in R 3 (formula (2.19) of |f25|). But in [[25[] it was accompanied by another 



two equations (equation (2.16) of ||25|| ) which are indispensable in the Sym's 
type approach. So the meaning of the system Q2.5|) , seems, had been missing. 
The generalized Weierstrass type formulae admit also a beautiful formulation 
within the spinor representations of surfaces p6|-p7 



3 The Weierstrass representation for immer- 
sion into R A 

An extension of the representation fl2.5p , ( |2.6p to the four dimensional Eu- 
clidean space is as follows. Let ipi, fi and if) 2 , <P2 be two independent solutions 
of the system (|2.5|), i.e. 

ipu = P<Pi , faz = P<P2 , /g ^ 

Viz = -Plpl ¥2z = ~Ptp2 ■ 

Equations (|3.1|) imply that 

(ifa.ih) z = ~ {<P\ipz)-g » (VW 2 ) 2 = (^1^2)- • ( 3 - 2 ) 
As a consequence there are four functions X l (z, z) (i = 1, 2, 3, 4) such that 

dX 1 = % - (i>i4> 2 + ^1^2) dz + c.c , 
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dX 2 = ^ (^1^2 - ^1^2) ^ + c.c , 



(3.3) 



where c.c. means complex conjugated previous term. We treat now these 
functions X*(z,z) as the coordinates of surface in R 4 . For components of 
induced metric 



i=i 



one gets 
and 

&* = 2 (l^ll' + l^l 2 ) (l^| 2 +|H 2 ) • 

— * — * 

Further, two normal vectors N ± , N 2 are 

-Re (A) , N 2 



N 1 = 



l^l] |^2| 



l^irl^l 



^1^2 



Im (A) 



where 



— # 

A = 



(|V>* 



, k=l,2 



-,1 



<Pl<P2, 



The mean curvature vector H 

2p 



^7 is given by 



H 



UiU 2 



Re [-i (ipi(p 2 + ^2^1) 1 (^1^2 + VWi) , 



(^1^2 - ^1^2) , » (^1^2 - ^1^2) 



(3.4) 

(3.5) 
(3.6) 

(3.7) 

(3.8) 
(3.9) 



(3.10) 



7 



The components hi, h 2 of H along Ni and N 2 ( H = h\N\ + h 2 N 2 



^2 



^UlU 2 1 </>l | 2 |<^2 1 
^1^2 - ^1^2 



M^lvirl^l 



So, the mean curvature H = \JYh=i H i H i = \jhi + h 2 is equal to 

2p 



H = 



Then the Gaussian curvature is 



K 



UiU 2 



^UiU 2 



[log {uiu 2 )\. 



Finally, the Willmore functional W = J H 2 [dS] is given by 

W = 4 J p 2 dxdy . 

Thus, we have the following 

Theorem 3.1 The generalized Weierstrass formulae 



X 



i 

2Jr 



V>i^>2 + ^1^2 J - (^1^2 + <Pi<p 2 ) dz 1 
1 /" 

X 2 = -J (^1^2 - ^1^2) cb' + (^1^2 - ^1^2) dz' 



X 



1 

"2 7r 



X V? 2 + ^2^1) + (^1^2 + fofi) dz' 

X A = ^ J [(^1^2 - VWl) ^' - (VW2 - VWl) ^ 



where 



1>, 



, a = 1,2 
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p(z, z) is a real valued function, T is a contour in C, define the conformal 
immersion of a surface into R 4 . The induced metric is of the form 



ds 2 = U\U 2 dzdz 



(3.17) 



where u a = \ifj a \ 2 + \f a \ 2 (ct = 1,2), the Gaussian and mean curvatures are 



K 



pOg(lil«2)L > H 



2p 



(3.18) 



U±U 2 ' ^UiU 2 

The total squared mean curvature (Willmore functional) is given by 

W = 4 J p 2 dxdy . (3.19) 

The generalized Weierstrass representation ( 3.15 ) defines surface in R 4 up to 
translations. In the particular case if) 2 — i^i, V?2 = X 4 = X| = and 

the formulae (|3.16|) - (|3.19|) are reduced to those fl2.5| )-( E2~9|) of R 3 case. 

Corollary 1 Minimal surfaces in R A are given by the Weierstrass represen- 
tation ( $.13{ ), ( \3.1b} ) with p(z,z) = 0. Surfaces of constant mean curvature 
H are given by the formulae ( \3. 1 b\) where ip a , <p a (a = 1, 2) obey the system 
of equations 

H 



i>az = (IV'll 2 + Wl?) {\i>2? + \^2?) <^a , 



H 



V'd^lP+l^ll^d^P+l^l 2 ) 



(3.20) 



At tp2 = i^i) ^2 = ±y?i the system Q3.20| ) is reduced to a simpler one |T 



which has been studied in 16 



Note the equations (|3.3|) can be represented in the form 



d (x 1 + iX 2 
d(x l -iX 2 



d (x 4 + iX 3 
d (x 4 - iX 3 



iifj 1 ifj 2 dz — iTp 1 Tp 2 dz , 
iipx^pidz — iifiifadz , 
—iip 2 (pidz — iif)iTp 2 dz , 
iifj^-zdz + iip 2 Tp x dz 



(3.21) 



which reveals a symmetry between the pairs of coordinates (X 1 , X 2 ), (X 3 , X 4 ). 
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The formulae ( |3.3| ) can be also rewritten in a spinor representation type 
form 



d (^A 2 + a 2 X' - a 3 A 3 + z/A 4 ) = V* ( ®_ ^ ) ^ 



where 



Vi,: 



0(1,2) -^(1,2) 



V V(l,2) 0(1,2) / 

(Tj (i = 1, 2, 3) are the Pauli matrices and / is the identity matrix. 
The condition (3J3), that an immersion is conformal, written as 

(x])V(xJ) 2 + (xJ) 2 + (^) 2 = o 

defines the complex quadric Q 2 

W l + W 2 + W 3 + W \ = 



(3.22) 



(3.23) 



(3.24) 



(3.25) 



in CP 3 where Wi (i = 1,2,3,4) are homogeneous coordinates. A diffeomor- 
phism of Q 2 to the Grassmannian G 2 ,a of oriented 2— planes in i? 4 allows us 
to define the Gauss map G(z) for a surface represented by the generalized 
Weierstrass formulae fl3.15| ). It is given by 

G(z) = [i (-01^2 + ViP*) > ^1^2 - W2, -i> x ip% ~ VWi> « (Vw - ^aVi) • 

(3.26) 

The Gauss map for surfaces immersed into i? 4 has been studied earlier in the 



paper |y|. In |L3[ the Gauss map G(z) has been parameterized as follows 

G(z) = [(1 + hf 2 ) , i (1 - A/ 2 ) , (/1 - / 2 ) , -< (/1 + / a )] (3.27) 
where /1 and ^ are complex- valued functions. A surface in i? 4 is then defined 

by Pi 



Re [rjGdz 



X 



where fi and f 2 satisfy the compatibility conditions 



Im 



fizz 2fif- 



lz 



./': 



Yz 



l/l 



+ 



7 



2:^ 



/2z 



2/2^ 
1 + 1/2 



(3.28) 



(3.29) 
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and 



where F t = f B (1 + 



v 2 



\Fi\ — \F 2 \ 

1,2. The function n is given by 
4F X F 2 



^(i + IM 2 )(i + IM 2 ) 

where the mean curvature H is expressed via f\ and f 2 by 

/l22 



2 (lOg^ 



/» 1 + 1/: 



2flflz fizz 2/2/22 



/ 



2~ 



(3.30) 
(3.31) 

(3.32) 



Similar to the three-dimensional case this representation includes the com- 
plicated compatibility conditions. 

Theorem 3.2 The generalized Weierstrass representation ( 3.1i )-( '3.1i\ ) im- 
plies the Gauss map type representation $3. 2^ )- ^3.32j ) via the substitution 



// -= i<p!(p 2 , /1 = i— , /2 = -i— • (3.33) 
Pi ¥2 

The proof is straightforward: equations ( |3.16| ) and ( |3.33| ) give the con- 



straints (|3T29|) - (|3T3TD with 



P 



-iF, 



<pi 



iF 



¥2 
V2 



(3.34) 



while ( p.!5| ) is converted into ( p. 28 



4 Surfaces in four-dimensional Riemann space 

The results of the previous section apparently can be extended to the case 
of immersion into generic four-dimensional Riemann space with the metric 
tensor g^. 

Proposition 1 The formulae ( $.13j) , ( S.ldj) define an immersion of surface 
into the four- dimensional Riemann space with the metric tensor g^. The 
induced metric is 

ds 2 = g zz dz 2 + 2g zz dzdz + g^dz 2 

where 



9zz — gikXlX* — g zz , 9zi — 9ikX l z X^ 



(4.1) 
(4.2) 



11 



The Gaussian and mean curvature are calculated straightforwardly. 

In the case of conformally-Euclidean spaces gik = e 2a 5ik (i, k — 1, 2, 3, 4, a 
is a function and Sik is the Kronecker symbol) the immersion is the conformal 
one: 

ds 2 = e 2cr UiU2dzdz . (4.3) 
The Gaussian and mean curvatures are 

K = _ 2e -^ + lQ g(^)^ , H = 2e -^_ . (4.4) 

UiU 2 \JU\U2 

For the Willmore functional one gets 

W = 4 / p 2 dxdy . (4.5) 



A special case of immersions into the space S 4 of constant curvature had 
attracted recently the particular interest (see e.g. |2"2fl,P8"||). To describe it 
we choose the Riemann form for the metric of S A , i.e. (see e.g. ||29|| ) 



(4.6) 



where K is the curvature. Then the formulae fl3.15| ), ( |3.16| ), (f4.3|)-( ^75|) define 
the conformal immersion of a surface into S A . At ip2 = ±^1, ^2 = ±<fii {X A = 
0) one has the conformal immersion into S 3 . The generalized Weierstrass 
representation provides us an effective method to study immersions into S 3 
and S A , in particular the Willmore surfaces. It will be done in a separate 
paper. 

Immersions into the Riemann spaces with non Euclidean signature are of 
interest too. For Minkowski space M . gik = diag(l, 1, 1 — 1). The formulae 
( |3TT5D , ( FTTSD , flO]), (gg) define a surface in M 4 with the line element 

ds 2 = [2g& + 2Re (g zz )] dx 2 - Aim (g zz ) dxdy + \2g z - z - 2Re (g zz )} dy 2 (4.7) 

where z = x + iy and 

If— — \2 1 _ _ 2 

gzz = ~ yPl<£2 ~ ^2fl) = 9zz , 9zz = 2 ^1^2 + ^2^1 • (4-8) 

For a space with the metric g^ = diag(l, 1, —1, —1), in addition to the im- 
mersion of the type (|4.7|) , (|4.8|) there is a Weierstrass type representation for 
conformal immersion. 
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2Jr 
1 



Theorem 4.1 The Weierstrass type formulae 
X 1 

X 2 

X 3 



X 4 



2Jr 
1 

~2 Jr 

-I 

2 Jr 



1 1p 2 - tpi(p 2 ) dz' - (^1^2 - & 

1 tp 2 + (fi(p 2 ) dz' + + ^1^2) ^ 

(-01^2 + VWl) ^' + (^1^2 + 02^l) 
(■0!^2 - ^2^1) - (VW2 - VWl) dz' 



(4.9) 



where 



, a = 1,2 



(4.10) 



^ 2 = , 
Paz = P^a 

and p is a real-valued function, define a conformal immersion of surface into 
the four-dimensional space with the metric = diag(l, 1, — 1, — 1). The 
induced metric is of the form 



ds 2 = (\ipi\ 2 — Iv^il 2 ) (iV^I 2 — lv 9 2| 2 ) dzdz = vdzdz 



4p 2 



and the Gaussian and mean curvatures are 

K = -~(logv) z , , H 2 - 

V v 

The total squared mean curvature is 

W = J H 2 [dS] = -4 J p 2 dxdy . 
The proof is similar to that the theorem 3.1. In this case 

i?M2) z = (<P\<P2)? , Ol^)* = (^2^1)- 



(4.11) 
(4.12) 

(4.13) 
(4.14) 



and 



d (X l + iX 2 
d (X 1 - iX 2 
d (x 4 + 1X 3 
d (x 4 - iX 3 



iifj l ilj 2 dz + iTp{tp 2 d~z , 
—iipiLp 2 dz — i^iifj 2 dz , 
—iip 2 (pidz — ii/jiTp 2 dz , 
iip x (f2dz + ifatpidz . 



(4.15) 



The Weierstrass representation Q4.S|) -( fI~13" ) could be useful also for the study 



of iV = 2 superstring p0| 
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5 Surfaces in multidimensional spaces and on 
Lie groups 



Any solution (-0, ip) of the system ( j2.5|) gives rise via (|2.6|) to the three coor- 
dinates X 1 , X 2 , X 3 . Given a pair of solutions (V>i,¥>i) and (1^2,^2) one has 
two possibilities. The first is to generate four coordinates via the formula 
(|3.15D , the second is to get six coordinates: X 1 , X 2 , X 3 via (|2.6j ) with the 



solutions (il>i,ipi) and X 4 , X 5 , X & via ( |2.6| ) using the solutions (-02, ^2)- In 
the latter case, one has the conformal immersion of a surface into R 6 with 
the induced metric 

ds 2 = {u\ + dzdz . (5.1) 

Further, introducing four coordinates X 7 , X s , X 9 , X 10 via ( |3.15| ) one can 
get an immersion into R 10 . The induced metric in this case is 

ds 2 = (u\ + U\U2 + ufj dzdz . (5.2) 

In such a manner apparently one can get an immersion of a surface into the 
Euclidean space R with N = 3n + 4m where n and m are arbitrary integers. 
The corresponding induced metric is of the form 

(n m \ 

u a + ^2 u a u p dzdz (5.3) 

where m is equal to the number of pairs a, (3 (a 7^ (3). 

The Weierstrass representations for immersion of surfaces into the com- 
plex spaces are defined analogously. Let (ip a ,(p a ) and (ijjp,(pp) be any two 



solutions of the system ( |2.5|) , i.e 



^az = PVa , lp(3z = P^P , ,g ^ 

Paz = ~Pi>a ' Vj3z = -Plpfi 

where p is a complex valued function. The system ( |5.4| ) implies 

= - {WcWp)? ■ (5.5) 

Consequently, the integral 

X 1 = A lp J (ipaippdz - (patppdz) (5.6) 
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where A^p are arbitrary constants does not depend on the contour of inte- 
gration T. Treating iV functions X' y (z,z) (7 = 1, . . . ,N) as the coordinates 
in C N , one gets an immersion of a surface into C . The induced metric is 
given by 

' N — , 

^7=1 a/3 

N \ ( N 

,7=1 a/3 I \7=1 a/3 



J2 AlpVaPp 

i7=l af3 



(5.7) 



Choosing Alg properly, one can get a conformal immersion. 

Finally, let us consider a set of solutions ifi W ( y>M which solve the systems 



Z - 

a 



AT 



with different potentials pW. Since 



one can define a set of functions X a/3 via 



i=l Jr 



(5.8) 



(5.9) 



(5.10) 



where Bi are arbitrary constants. The formula ( |5.1Q ) defines, in fact, a matrix 
X such that X a/3 = X a/3 (a,/3 = 1, . . . , M). At N > M the matrix X is a 
generic element of the group GL(M, C). So the formula ( |5.10| ) with N = M 
defines a surface on the group GL(M, C) in a meaning given in jil]. Using 
the formulae from BT[, one can calculate all characteristics of such surfaces. 



6 Integrable deformations 

An important advantage of the generalized Weierstrass representation is that 
it provides a way to construct integrable deformations of immersed surfaces. 
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The idea is the following pO|-|H|: let the functions p, i/j and <p in (|2.5|) depend 
on the parameter t. Then one considers those deformations of ip and tp that 
there are differential operators A, B, C, D such that 



ip t = Atp + Bip 
(ft = Ctp + Dip 



(6.1) 



Given A, B, C, D the compatibility condition of ( |6.1D with fl2.5| ) is equivalent 
to the nonlinear partial differential equation for p. Varying operators A, B, 
C, D, one gets an infinite hierarchy of integrable equations for p. It is the 
so-called modified Veselov-Novikov (mVN) hierarchy [T~ 
C, D, as the first order operators, one gets the linear equation for p. 



Choosing A, B, 
The 

first nontrivial nonlinear example is given by the modified Veselov-Novikov 
equation: 

Pt = Pzzz + 3p z u + \pu z + c.c , 
^- = (P 2 ) z ■ 
The corresponding operators are 



(6.2) 



A = dl + of + 3uJch + -cZ% , 

B = —3p z d z + 3pu> , 

C = 3pjd^ - 3pu , 

D = dl + dl + 3ud z + lu z . 



(6.3) 

(6.4) 
(6.5) 

(6.6) 



The deformation of ip, tp via ( |6.1| ) generates the corresponding deformations 
of the coordinates X l (z,z, t). In the case of immersion into R 3 it was shown 

n 



m 
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that the Willmore functional W is invariant under the deforma- 
tions generated by the mVN equation ( |6.2|) as well as by the whole mVN 
hierarchy. Formulae for deformation of coordinates, elements of metrics and 



other geometric quantities have been obtained in [19 



To get integrable deformations of surfaces immersed in R we assume 
that both solutions (ipi,(pi) and (ip2,f2) of the system ( |3.16| ) evolve in t 
according to equation (|6.1|) with the same A, B, C, D. Correspondingly the 
coordinates X % (i = 1, 2,3,4) of the surface given by ( |3.15| ) are deformed in 
t. These deformations of a surface are integrable one similar to the case R 3 
11|]. From ( |3.19| ) and equality / (p 2 ) t dzdz = it immediately follows 
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Theorem 6.1 The value of the Willmore functional W for surface immersed 
into R 4 is preserved by the mVN deformations (by all hierarchy). 



There is an infinite set of functionals over p preserved by the evolution 



(6.2). So there is an infinite family of geometric functionals over surface in 
R 4 which are preserved by the mVN deformations. The Willmore functional 
W for surfaces in R 4 is invariant under conformal transformations in this 
space (see e.g. p2]). One could conjecture that similar to the R 3 case 



[IS] all these higher preserved functionals are invariant under the conformal 
transformations in R 4 too. 

The formulae flS.ip , (|6.2j ) define also integrable deformations of surfaces 



in Riemann spaces considered above. In particular we have 

Theorem 6.2 The value of Willmore functional for surfaces immersed into 
conformally- Euclidean spaces is preserved by the mVN deformations. 



Using the results of the papers [[L7j], pOfl , fl2lf , one can define the global de- 



formations of surfaces immersed into R 4 , S 4 and other spaces. This problem 
will be considered elsewhere. 
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